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Abstract
In this paper we give an example of a Banach algebra A and a closed
ideal I of A such that the multiplier algebra of I is equal to A but I
does not have any bounded approximate identity. In the case that I has
an approximate identity, we give a necessary condition on I for which
A = M(I), where M(I) denotes the multiplier algebra of I. Finally, as a
corollary of our results, we show that the Fourier algebra of an amenable
group is strictly dense in the Fourier-Stieltjes algebra.
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1 Introduction
This work motivated by the following observation:
We know that the multiplier algebra of the group algebra is the measure
algebra and the multiplier algebra of the Fourier algebra is the Fourier-Stieltjes
algebra when the underlying group is amenable. Clearly, the group algebra and
the Fourier algebra of an amenable locally compact group both have bounded
approximate identity. So, we ask the following questions:
If A is a Banach algebra and I is a closed ideal of A such that the multiplier
algebra of I is A, that isM(I) = A, is it true that I has a bounded approximate
identity? Is the ideal I unique in the representation M(I) = A?
In the next section we try to give answer to these questions. Also, under some
conditions, we give a necessary and sufficient condition on ideal I of A such that
M(I) = A.
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2 Main results
Suppose that A is a Banach algebra. We say that the bounded linear operator
T : A → A is a (left) multiplier of A if T (ab) = T (a)b for each a, b ∈ A. Let
M(A) denote the set of all multipliers of A.
A net {eα} in A is called an approximate identity (a.i.) for A if for every a ∈ A,
‖aeα − a‖ + ‖eαa − a‖ → 0. If the net {eα} is bounded and has the mentioned
property we say that {eα} is a bounded approximate identity (b.a.i.) for A.
To see the standard definitions of the undefined concepts in the sequel one
can see the references [1, 5, 6].
Now, we give the following definition for the sake of convenience in our nota-
tions.
Definition 2.1. Let A be a Banach algebra. We say that A is a multiplierly
generated algebra (briefly MGA) if there exists a closed ideal I in A such that
A = M(I), that is, the mapping a −→ La from A to M(I) is an isometric
isomorphism, where La(b) = ab.
One can see easily that if A is a unital algebra, then M(A) = A. So, we are
interested in the case that I ( A and M(I) = A.
Example 1. Let G be a locally compact group. Then M(G) is a MGA by Wen-
del’s Theorem. More precisely, M(L1(G)) = M(G). To see the definitions of the
measure algebra M(G) and the group algebra L1(G) we refer the reader to [1,
Section 3.3].
Suppose that G is a locally compact group and suppose that L∞(G) is the
space of all essentially bounded and Borel measurable functions from G into C.
The group G is said to be amenable if there exists an m ∈ L∞(G)∗ such that
m ≥ 0, m(1) = 1 and m(Lxf) = m(f) for each x ∈ G and f ∈ L
∞(G) where
Lxf(y) = f(x
−1y). Suppose that A(G) denotes the Fourier algebra and B(G)
denotes the Fourier-Stieltjes algebra of G. We know that A(G) is a closed ideal
of B(G); see [6] for more details of the amenable groups and the Fourier algebra.
Example 2. Let G be a locally compact group. Then G is amenable if and only
if M(A(G)) = B(G) , so B(G) is a MGA; see [4, Theorem 1].
Example 3. Let X be a locally compact Hausdorff space. Then by [3, Example
1.4.13] we know that M(C0(X)) = Cb(X). So, Cb(X) is a MGA.
Example 4. Let H be a Hilbert space and K(H) be the space of compact
operators. Using the definition of compact operators, one can see that K(H) is
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a closed ideal of B(H). Also, we know that M(K(H)) = B(H); see [5, Example
3.1.2], note that in this example double centralizer obtained, but similarly one
can prove the result for multipliers. Therefore, B(H) is a MGA.
Example 5. Every non-unital Banach algebra A is not a MGA, because M(I)
is unital and this forces A to be unital.
Examples 1 to 4 show that for a large number of important Banach algebras A
and its closed ideals I, ifM(I) = A, then I has a b.a.i. Now, we ask the following
questions and try to answer these questions in the sequel.
Question 2.2. If A is a MGA with M(I) = A, is it true that I should has a
b.a.i.?
Question 2.3. If M(I) =M(J) = A where I, J are two proper closed ideals of
A, is I = J or it is not necessarily true?
The following example shows that there exists a Banach algebra A and an
ideal I of A such thatM(I) = A, .i.e., A is multiplierly generated but I does not
have any b.a.i. But Question 2.2 does not fail, because one can easily check that
I is not a closed ideal of A.
Example 6. Let A = ℓ1(N) and consider ℓ∞(N) with the sup-norm, i.e., for f ∈
ℓ∞(N), ‖f‖∞ = supn∈N |f(n)|. One can see that M(A) = ℓ
∞(N), that is, M(A)
is isometrically isomorphic to ℓ∞(N) where g ∈ ℓ∞(N) acts on A by pointwise
multiplication; see [3, Exercise 1.6.43]. Indeed, the mapping g → Lg is an isometric
isomorphism between ℓ∞(N) and M(A). To see this, let T ∈ M(A). It is easily
verified that for each n ∈ N, there exits f ∈ A such that f(n) ≥ 1 and ‖f‖1 ≤ 2.
Now, put g(n) = (Tf)(n)
f(n)
where f is in A, f(n) ≥ 1 and ‖f‖1 ≤ 2. Since T is a
multiplier, g is a well-defined function and it is not depend on f . Also, g ∈ ℓ∞(N)
and T = Lg, since if f(n) = 0, then (Tf)(n)
2 = f(n)(Tf)(n) = 0 and hence
(Tf)(n) = 0. On the other hand, for each n ∈ N, if f(n) = 1 and ‖f‖1 = 1, then
we have
|g(n)| ≤ |g(n)f(n)| = |Tf(n)| ≤ ‖Tf‖ ≤ ‖T‖. So, ‖T‖ = ‖g‖∞ and this
shows that the mapping is an isometry. Also, one can see easily that A is an ideal
of ℓ∞(N) but it is not closed and A does not have any b.a.i., it has only an a.i. .
In the sequel we give a negative answer to Questions 2.2 and 2.3. But first we
give the following lemma.
Lemma 2.4. Suppose that I ⊆ J ⊆ A where I, J are closed ideals of Banach
algebra A, I has an approximate identity and A is unital. Then
M(A) ⊆M(J) ⊆M(I).
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Proof. Let T ∈ M(A). We show that T|J is a function from J into J and this
shows that T|J ∈M(J). Since A is unital we haveM(A) = A, therefore, for each
T ∈ M(A), there exists a ∈ A such that T = La. So T|J = (La)|J : J → A and
for all j ∈ J we have
T|J(j) = (La)|J(j) = aj ∈ J.
Hence, T|J(J) ⊆ J .
Now, let {eα} be an approximate identity for I and S ∈M(J). So, S|I : I → J
has a multiplier property, i.e., for i1, i2 ∈ I, S|I(i1i2) = S|I(i1)i2 and for each i ∈ I
we have
S|I(i) = lim
α
S|I(eαi) = lim
α
eαS|I(i) ∈ I.
Hence S|I(I) ⊆ I and this completes the proof.
Let G be a locally compact group andM(G) be the measure algebra consisting
of all the complex-valued regular Borel measures on G. We have the following
subspaces of M(G):
Mc(G) = the space of all the continuous measures,
Ma(G) = absolutely continuous measures respect to the Haar measure,
Mcs(G) = measures which are singular respect to the Haar measure.
As in [1, Section 3.3], Mc(G) =Ma(G)⊕1Mcs(G). So, Ma(G) ⊆Mc(G) ⊆ M(G).
Also, Mc(G) is a closed ideal of M(G) and L
1(G) is isometrically isomorphic to
Ma(G).
Now, using M(G) and Lemma 2.4 we give answer to Questions 2.2 and 2.3.
Since Ma(G) ⊆ Mc(G) ⊆ M(G), Ma(G),Mc(G) are closed ideals of M(G) and
Ma(G) has a b.a.i., by Lemma 2.4M(M(G)) ⊆M(Mc(G)) ⊆M(Ma(G)). There-
fore, by Wendel’s theorem we haveM(Mc(G)) =M(Ma(G)) = M(G). But by [2,
Theorem 2.7], if G is a non-discrete locally compact group (for example G = R,
the additive group of real numbers is non-discrete), then Mc(G)2 has infinite
codimension in Mc(G), that is, dim(
Mc(G)
Mc(G)2
) is not finite and so Mc(G) 6= Mc(G)2.
Therefore, Mc(G) does not have any approximate identity. Hence, Question 2.2
and 2.3 both fails, i.e., when G is non-discrete, there exists two proper closed
ideals I, J of M(G) such that M(I) =M(J) = M(G) and J does not have any
b.a.i. .
In the sequel we present a necessary and sufficient condition for a MGA and
using this assertion we show that A(G) is strictly dense in B(G) if G is amenable.
Recall that if A is a Banach algebra which is contained as a closed ideal in
Banach algebra B then the strict topology on B from A is the topology generated
On a question related to bounded approximate identities 5
by the following family of semi-norms:
pa(b) = ‖ab‖+ ‖ba‖ (b ∈ B, a ∈ A).
So, a net {bα} in B tends to b0 in the strict topology if for all a ∈ A, we have
‖(bα − b0)a‖, ‖a(bα − b0)‖ → 0. We denote the closure of A in the strict topology
by A
s.t.
. We say that A is boundedly strictly dense in B if for each b ∈ B there
exists a bounded net {eα} in A such that eα → b strictly. We denote this type of
density by A
b.s.t.
= B.
Theorem 2.5. If A is a commutative MGA with M(I) = A and I has an
approximate identity, then I is strictly dense in A. Conversely, if I
b.s.t.
= A, then
M(I) = A.
Proof. In view of the hypothesisM(I) = A, suppose that K : A→M(I) defined
by K(a) = La is an isometric isomorphism. Hence K has an inverse function
F :M(I)→ A such that F is bijective and K ◦ F = idM(I).
Now, let a ∈ A be arbitrary. So, there exists T ∈ M(I) such that F (T ) = a.
Hence
T = K ◦ F (T ) = K(a) = La.
If {eα} is an approximate identity for I and i ∈ I, then we have
ai = La(i) = T (i) = lim
α
T (eαi) = lim
α
T (eα)i.
Therefore, limα ‖(a − T (eα))i‖ = limα ‖i(a − T (eα))‖ = 0 for all i ∈ I and this
implies that a ∈ I
s.t.
. So, I is strictly dense in A.
To prove the converse, let T ∈ M(I). We extend T to a multiplier of A as
follows:
Define T˜ : A → A by T˜ (a) = s.t. − limα T (eα), i.e., T˜ (a) is the limit of the
net {T (eα)} in the strict topology and {eα} is a bounded net in I such that
strictly tends to a. Clearly, T˜ is a well-defined function. Suppose that a, b ∈ A
and {eα}, {e
′
β} are two nets for which tend to a and b, respectively in the strict
topology. Now, we have
T˜ (ab) = s.t.− lim
(α,β)
T (eαe
′
β)
= s.t.− lim
(α,β)
T (eα)e
′
β
=
(
s.t.− lim
α
T (eα)
)(
s.t.− lim
β
e
′
β
)
= T˜ (a)b.
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Note that the boundedness of {eα} yields the third equation in the above calcu-
lations. Hence, T˜ is in M(A) = A and so there exists a ∈ A for which T˜ = La.
Therefore, T = T˜|I = La and this shows that A =M(I).
In Example 2 we see that M(A(G)) = B(G) when G is an amenable group.
So, by Theorem 2.5 we conclude the following corollary.
Corollary 2.6. If G is an amenable group, then A(G)
s.t.
= B(G).
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